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Abstract
Given a compact convex polyhedron, can it tile space in a transitive (or regular) way? We dis-
cuss here the Extension Theorem, which gives conditions under which there is unique extension
of a nite polyhedral complex (replicas of the given polyhedron) to a global isohedral tiling. The
extension theorem gives a way to get all possible regular tilings with the given polyhedron. The
well-known results on fundamental domains in the case of a translation group or a Coxeter group
generated by mirrors follow from the extension theorem too. The extension theorem also gives a
method of describing which nite point sets can admit extension to a regular point orbits with re-
spect to crystallographic groups. c© 2000 Published by Elsevier Science B.V. All rights reserved.
1. Introduction
The basic problem we are going to discuss in this paper is to describe conditions
to help determine whether a xed polyhedron admits an isohedral tiling (or in another
terminology a regular tiling or tile-1-transitive tiling). This problem is very close to
a question which goes back to Poincare’s investigations on Fuchian groups in [24].
Poincare initiated the powerful method of studying and describing discrete groups by
means of their fundamental domains. This method has since been strongly developed
(see for instance [20{22,29]). To my knowledge, the most complete development of
this idea for space of arbitrary dimension can be found in [1]. After getting acquainted
with Venkov’s work [28] on parallelohedra Alexandrov realized that an abstract com-
plex built up with nitely many dierent shapes of convex polyhedra can be embedded
(i.e. mapped in a one-to-one way) into space if and only if the tiling property holds
around each face of dimension d− 2.
Basically, all these papers are concerned with the question whether a polyhedron
represents a fundamental domain of some group of isometries. This is a good place to
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recall Part B of Hilbert’s 18th problem [19]:
Whether polyhedra also exist which do not appear as fundamental regions of
groups of motions, by mean of which, nevertheless, by a suitable juxtaposition of
congruent copies a complete lling up of all space is possible.
Question B asks ‘whether there exists a tile such that no symmetry group acts
transitively on any tiling in which it appears’ [27, p. 22].
An example of such a three-dimensional tile was found by Reinhardt in [25] and in
the Euclidean plane by Heesch [18]. These tiles admit no isohedral tiling.
However, there are also polyhedra which admit isohedral tilings but are not funda-
mental domains for any group. It is unclear how many such tiles are there but they do
exist. This fact motivated us to present a criterion to test whether a convex polyhedron
will tile space in a face-to-face and isohedral way independent of whether or not it is
a fundamental domain of the symmetry group of the tiling or even whether it has a
proper subgroup which still operates transitively on the tiling.
In this context, we will be interested in the following questions concerning a given
polyhedron P:
1. Does the polyhedron P admit at least one isohedral (not necessarily fundamental)
tiling?
2. How can one get all isohedral tilings by replicas of P?
Since a polyhedron may admit several dierent tilings, the following question arises.
Does there exist and how can one describe such a compound of replicas of P (i.e.
a nite, possibly small, monohedral complex) that guarantees existence of a unique
isohedral tiling containing this compound as a nite subcomplex?
This question has been answered in terms of coronas (the terminology was introduced
by Engel [17] but the concept of a corona | under the name of a neighborhood | had
been in active use after the discovery in 1974 of the local approach both for regular
tilings and point sets [5,15].
The local theorem for Delone sets (for tilings) states that a Delone set (a tiling)
all of whose points (tiles) have the same neighborhoods (coronas) of some suciently
large radius is regular. However, as was understood very soon, the local theorems
have the following serious defect: they say nothing about the neighborhood itself. The
rst explicit intrinsic, i.e. depending only on a neigborhood itself, description of the
properties of such a neigborhood in case of point sets was given in [7]. In this paper,
it was also said that the question whether a nite point set can be extended to a regular
point set can be reduced to a similar question for some nite polyhedral complexes,
i.e. to the extension theorem for polyhedra. Though the extension theorem and some
of its applications have been presented several times (see for instance [8,9,11]) this
paper aims to present for the rst time a more detailed exposition of this theorem.
The corona approach may seem inconvenient but the method of Poincare is rather
complicated even for the fundamental polyhedron case and we do not see at all how
N.P. Dolbilin / Discrete Mathematics 221 (2000) 43{59 45
it can be modied for the more general case. Moreover, as will be shown, a few
well-known descriptions of fundamental polyhedra can be easily deduced by the corona
approach.
2. Denitions and notation
Given a tiling, a corona about a tile P is, roughly speaking, a special kind of
a nite complex of the tiles surrounding the tile P. In a d-dimensional tiling there
can be considered exactly d dierent kinds of coronas depending on the choice of
the dimension of faces at which they are constructed. Let us x dimension, say d− 1,
of faces in the tiling, then the corona of radius 1 about the polyhedron P at
(d−1)-dimensional faces is a complex consisting of the tile P and all tiles of the tiling
which share a (d− 1)-face with P. To get the corona of radius 1 at (d− 2)-faces we
need to add to the corona at (d− 1)-faces of P, all tiles which cover all (d− 2)-faces
of the tile P as well. A corona of arbitrary (integer positive) radius is determined in
recurrent way: the corona at i-dimensional faces (about P of radius 1) consists of all
tiles adjacent to P at all faces of dimensions equal to or greater than i. It is clear that
the coronas at (d−1)-faces of a xed radius are the least numerous complexes among
the coronas of the same radius but at faces of lower dimensions. Nevertheless, in the
Local Theorems for regular and multiregular tilings [15,16] it suces to consider only
the coronas at faces of dimension d− 1.
However, in the case where we start with a nite complex and have no tiling a
priori, the consideration of the coronas at faces of codimension 1 becomes insu-
cient. First of all, we need to choose the minimal dimension of faces at which we
should best consider coronas for our goal. Certainly, one could take this dimension
to be possibly small, for instance, equal to 0. However, the choice of the fullest
coronas would make checking whether such a corona exists a very hard task. In order
to make our theorem more easily applicable this minimal dimension must be as
large as possible. The treatment of the problem shows that the dimension of faces at
which we consider coronas is d − 2. So, we will consider coronas at faces of
codimension 2.
Before the rigorous denitions which follow, we need to make one more important
remark. Since we are interested in coronas which are extended to tilings of the whole
space the coronas seem to have to be embedded in space. But, indeed, by the following
denition of a corona, the polyhedra entering the corona are allowed to overlap (for
reasons see Remark 3.7 in Section 3). In order to describe correctly a self-intersecting
corona we need rst to introduce the concept of an abstract corona. Only after that
we will consider a realization of the abstract corona in space by means of a special
immersion of it into space. From now on, by corona we will mean such a map of an
abstract corona into space.
Given a convex closed Euclidean (hyperbolic or spherical) d-dimensional polyhedron
P, consider an abstract locally nite complex C which besides standard requirements
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Fig. 1. A corona of radius 2 around a polyhedron P; each (d− 2)-face of a polyhedron Q in the 1-corona
of P is enclosed by polyhedra Qi of the 2-corona.
for a complex also satises the following:
(i) the complex C consists of replicas of P (the monohedrality condition);
(ii) given polyhedra P0 and P00 2C, there exists a path P0 (=P0); : : : ;Pm (=P00) in that
any two successive polyhedra Pi and Pi+1 share (d − 2)-face (the connectedness
condition).
To dene coronas at faces of dimension d − 2 we introduce the following denition
of distance in the complex C.
Denition 2.1. The distance d(Q;Q0) between polyhedra Q and Q0 2C is the length l
of the shortest path P0 (=Q)P1 : : :Pl−1 Pl (=Q0) in which any two successive
polyhedra Pi−1 and Pi have a (d− 2)-face in common (Fig. 1).
Now we can describe what an abstract corona is.
Denition 2.2. Given a positive integer k, a complex C satisfying (i) and (ii) is called
an abstract corona (at faces of dimension d − 2) of radius k about the polyhedron
P2C if the following hold:
(AC1) the distance d(P;Q)6k for all Q2C;
(AC2) if d(P;Q)6k − 1 then for each (d − 2)-face Fd−2 of Q in C there are
d-polyhedra Qi, i=1; 2; : : : ; m, that form a cyclic sequence around the (d− 2)-
face Fd−2, i.e. such that Q1 =Qm =Q and Qi \Qi+1 = Fd−1i Fd−2 for any
i = 1; : : : ; m− 1.
N.P. Dolbilin / Discrete Mathematics 221 (2000) 43{59 47
Form now on, we will use Xd to denote Euclidean, hyperbolic or spherical d-dimen-
sional space. Denote an abstract corona of radius k about P by Ck(P) and realize it in
space by means of a map (if it exists)
f : Ck(P)! Xd ;
such that the following holds:
(M1) f is an isometry when restricted to each d-polyhedron Q2Ck(P);
(M2) if polyhedra Q and Q0 2Ck(P) share a (d − 2)-face then their images Q and
Q0 do not overlap in space.
If the polyhedra Q and Q0 meet at a (d − 1)-face F they then automatically share
all (d − 2)-dimensional faces bounding the (d − 1)-face F. By condition (M2), for
two polyhedra Q and Q0 2Ck(P) sharing a (d − 1)-face F their images Q :=f(Q)
and Q0 :=f(Q0) are on opposite sides of the (d− 1)-hyperplane supporting the image
f(F).
Denition 2.3. The map f(Ck(P)) is called a corona about the polyhedron P(=f(P))
of radius k and will be denoted as Ck(P).
The corona Ck(P) centered at a polyhedron P consists of pairwise congruent convex
polyhedra. Since we allow the corona’s polyhedra to overlap it is not a complex em-
bedded in space. However, the map f is an immersion of the complex Ck(P) at any of
its (d− 2)-dimensional faces, i.e. f is a homeomorphic mapping in some suciently
small neigborhood of any relatively interior point of each (d− 2)-face.
From now on we will say that a polyhedron P admits a corona of radius k if
there exist a monohedral abstract corona Ck(P) and a map f fulling conditions (M1)
and (M2).
Remark 2.4. Thus, the existence of a corona does not imply an embedding of the
corona. But the corona is denitely required to be immersed at any of its (d−2)-faces.
In other words, the map f is not a homeomorphism between the abstract corona and
its realization in space Xd.
3. The Extension Theorem
Recall that in an isohedral tiling the symmetry group operates transitively on the tiles.
In particular, for every tile P and its neighbor P0 at a common (d − 1)-dimensional
face there is an isometry g from the symmetry group of the tiling that sends P into
P0 and the corona Ck(P) into the corona Ck(P0). The coronas of these neighboring
polyhedra overlap. The image Ck(P) g agrees with the corona Ck(P) in the sense that
the symmetry either takes a polyhedron from Ck(P) to some polyhedron of Ck(P) or
moves it out of the corona.
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We need to reect this in the extension theorem in some appropriate way. However,
we have only one corona, not a tiling and, furthemore, polyhedra in our corona are
allowed to overlap a priori. The notion of which coronas agree gets more complicated.
Denition 3.1. Consider the abstract corona Ck(P) and a polyhedron Q2Ck(P). The
following subcomplex
Uk(Q) : fQ0 2Ck(P) jd(Q;Q0)6kg
is called a k-neigborhood Uk(Q) of the polyhedron Q in the abstract corona Ck(P).
We call the image Uk(Q) :=f(Uk) the k-neigborhood of the polyhedron Q in the
corona Ck(P).
Denition 3.2. Given a d-polyhedron P along with a (monohedral) corona Ck(P) of
radius k, let P0 2Ck(P) share a (d− 1)-face with P, let Uk(P0) be its k-neighborhood
in Ck(P), and @ an isometry such that P@=P0. We say that the image Ck(P)@ agrees
with Ck(P) if the neighborhood Uk(P0) belongs to Ck(P)@ as well.
Remark 3.3. The last denition expresses what happens in isohedral tilings. Indeed, if
in an isohedral tiling one corona around P moves under an appropriate symmetry @ into
a corona around P0 with d(P; P0) = 1, then Ck(P0) =Ck(P)@ overlap, and furthermore
Ck(P0) \ Ck(P)@= Uk(P0):
This relationship corresponds to the denition of which coronas agree. Note that it is
unclear whether the last relationship is true for P and P0 with d(P; P0)> 1.
Denote by Sk(P) the group of isometries of space which leave invariant the center
P and send each polyhedron Q of the corona Ck(P) to some polyhedron Q0 2Ck(P).
It is obvious that Sk(P) Sk−1(P): Note also that the group may not be the full
symmetry group of the corona because it is possible that the corona may also admit
automorphisms which do not leave P invariant (if Ck(P) has also another center).
Theorem 3.4. Let a convex polyhedron PXd; admit a (monohedral) corona Ck(P)
of some radius k; fullling the following:
(i) Sk−1(P) = Sk(P); and
(ii) for each polyhedron P which meets the polyhedron P at a (d− 1)-face FP;
 = 1; : : : ; n; there is an isometry @ such that P@ = P and the image Ck(P)@
agrees with Ck(P).
Then
(1) the corona Ck(P) is an embedded complex and admits an extension to an isohe-
dral tiling T ;
(2) the isohedral tiling T is uniquely determined by the corona Ck(P);
(3) the ( full) symmetry group S(T ) of the tiling T contains a group h@i; generated
by the isometries @; and the group Sk(P): S(T )h@i; S(T ) Sk(P).
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(4) the group h@; = 1; : : : ; ni operates on T transitively;
(5) the point group Sk(P) is the stabilizer of the tile P in the symmetry group S(T ).
Remark 3.5. Conditions (i) and (ii) obviously hold for every isohedral tiling for some
value of k. Thus these conditions are not only sucient but necessary too. This is
important because it shows that the theorem gives a nite procedure for nding all
isohedral tilings of space by the given polyhedron P. By constructing and testing all
possible coronas of bounded radius one can determine all possible isohedral tilings
with replicas of P. Only the coronas satisfying the hypothesis of the extension theorem
can extend to an isohedral tiling.
Remark 3.6. We note that both conditions (i) and (ii) are essential. Consider
Boroczky’s tiling of the hyperbolic plane by congruent pentagonal shapes [2,4,10].
It is well-known that this shape admits no isohedral tiling. Meanwhile, this shape P
has only one corona C1(P) of radius 1. It satises condition (ii) but not condition (i).
This corona has two dierent extensions to coronas of radius 2. Each of them fulls
condition (i) for k = 2 but condition (ii) does not hold for both of them. Exactly
the same can be said about coronas Ck(P) for any k > 2. So there is no monohedral
corona about this shape which would full both conditions.
Remark 3.7. As shown in [26], in contrast to H2 in the Euclidean plane the identity
of the rst coronas in a tiling implies its regularity although not all these coronas full
condition (i). The reason is that in the two-dimensional Euclidean case the identity
of the rst coronas about a given shape causes the uniqueness of the second corona
which turns out to full both conditions (i) and (ii).
Remark 3.8. The size of coronas to be tested is bounded, depending on the order
of the symmetry group of the polyhedron P. However, in contrast to the hyperbolic
and spherical cases, the total number of (d − 1)-faces in a d-dimensional Euclidean
face-to-face space-ller is bounded by some constant c(d) ([6], see also [13]). From
this one can get a corresponding upper bound for the radius of monohedral coronas to
be tested.
Remark 3.9. Though we do not assume that the corona is embedded, just immersed
at (d− 2)-faces, from the extension theorem it follows that indeed it has to be and it
is an embedded complex. Certainly, it is clear that a corona which is immersed but
not embedded cannot extend to a tiling of space. It would seem natural to require it
in advance. As a practical matter, for testing whether a polyhedron admits the start-
ing corona, it is certainly easier to check only matching conditions at (d − 2)-faces
than to check whether a set of adjacent polyhedra forms a self-nonoverlaping complex
named a corona. For instance, later we will consider the so-called Coxeter polyhedra.
It seems obvious that these polyhedra can form coronas fullling matching conditions
at (d − 2)-faces. But it is not easy to check whether the Coxeter polyhedra entering
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these coronas do not overlap. Note that if we have found out in some way that some
polyhedra entering the corona do overlap, certainly, we may remove this corona from
further considerations.
Remark 3.10. The extension theorem ceases to be true in nonsimply connected spaces,
although the local theorem there remains true as well. The local theorem for tilings
[15] states:
A tiling T of Xd is isohedral if and only if there exists an integer k > 0 for which
conditions (a) and (b) hold:
(a) The kth coronas Ck(P) around all P in T are pairwise congruent;
(b) Sk−1(P) = Sk(P); P 2T .
Moreover; the group Sk(P) is the stabilizer of P in S(T ).
Although Xd is assumed to be one of three simply-connected spaces of constant
curvature, in fact the simply connectedness is not required. If there is a monohedral
tiling of a space of constant curvature such that all stable coronas in it are pairwise
identical then the tiling is isohedral (by identical coronas we mean ones that can be
superposed by some isometry of the space). The proof of this more general theorem
repeats the proof for the simply connected space word by word.
On the other hand, given a locally Euclidean two-dimensional surface of the cylinder
of revolution it is easy to present on this nonsimply connected surface examples of
monohedral coronas that full all the hypothesis of the extension theorem but admit
no extension to global tilings of the cylinder.
4. Outline of the proof
The key idea of the proof is as follows. First, under the hypothesis of the theorem,
we construct a new topological space X
d
which is a polyhedral complex made of pasted
together congruent copies of a convex polyhedron P. This polyhedral complex can be
mapped in Xd by a mapping which is an isometry on each d-cell of the complex
and a homeomorphism around each (d − 2)-dimensional face of the complex Xd. By
Alexandrov’s theorem [1] this mapping is a homeomorphic mapping of X
d
onto Xd.
In other words, the polyhedral complex X
d
is a tiling of Xd. Now one needs to note
that this tiling has pairwise identical coronas Ck(P), P 2T , with Sk−1(P) = Sk(P). By
the local theorem for tilings the tiling is isohedral.
The realization of this idea starts with the following lemma. Each of them is easy
to prove. The proofs of the lemmas can be found in [12].
Lemma 4.1. If an isometry @ is such that P@ = P and Ck(P)@ agrees with Ck(P)
then @2 Sk(P)@.
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Lemma 4.2. For every pair of isometries @ and s; where s2 Sk ; there is a pair of
isometries @0 and s0; s0 2 Sk such that
(s@)−1 = s0@0 :
Lemma 4.3. For each pair of isometries @; s; where s2 Sk(P); one has such a pair
of isometries @00 and s00; s00 2 Sk(P); such that
@s= s00@00 :
Lemma 4.4. Let Fd−2 be (d − 2)-face of the polyhedron P and Q0 (=P);
Q1; : : : ; Qm (=P) a circuit of all polyhedra in the corona Ck(P) that share the
face Fd−2. Then there is an appropriate sequence of facet generators @1 ; @2 ; : : : ; @m
such that
1. P@1 = Q1; P@2@1 = P2; : : : ; P@m    @2@1 = Qm (=P);
2. Ck(P)@i : : : @2@1 agrees with Ck(P) for any i = 1; : : : ; m;
3. Ck(P)@i    @2@1 contains Ck−1(P); i = 1; : : : ; m.
Let   := h@;  = 1; : : : ; m; Sk(P)i; i.e. the group   is generated by the @ and the
group Sk(P).
From Lemmas 4.3 and 4.4, we have:
Lemma 4.5. Each element 2  can be presented in the form
= s@m    @1 ; s2 Sk(P):
Denote by G := fSkg the set of all cosets of Sk in   and denote an individual coset
by g.
Now to dene a graph G of the cosets of G we dene the vertex set of G to be
the set G of cosets. Two vertices of the graph G g := Sk and g0 := Sk0 are joined by
an edge (or adjacent) if there is a generator @0 such that Sk= Sk@0.
Lemma 4.6. The denition of adjacent classes is symmetrical; i.e.; if Sk=Sk@0 then
there exists a generator @ such that Sk@0 = Sk0.
Lemma 4.7. G is a connected graph.
Lemma 4.7 follows from Lemma 4.5.
An element 2  induces a mapping  :G ! G, where  : Sk! Ski. Since the
mapping also preserves edges of the graph the following lemma is true.
Lemma 4.8. The mapping  is an automorphism of the graph G.
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The graph G serves as an auxiliary tool for constructing a new topological space
denoted by X
d
. Conditions (i) and (ii) of the theorem imply the existence of a nite
group Sk(P) and several isometries @. Let   be as dened above fg= Sk j 2 g.
Now one can glue from copies of the given polyhedron P a ‘new’ space X
d
. First,
take the direct product P  G 3 (P; g) and associate the polyhedron P with each
coset g − (P; g) :=Pg = P  Sk. The location of the polyhedra Pg in Xd does not de-
pend on the choice of an isometry in the coset g. At the same time, we note that
polyhedra associated with dierent cosets may overlap or even coincide. Nevertheless,
Pg and Pg0 , if g 6= g0, are considered as dierent polyhedra in the space X being
constructed.
Introduce in P  G the appropriate incidences. First, we arrange which associated
polyhedra have common (d − 1)-dimensional faces. In particular, the polyhedron P
along with its neigbours at (d − 1)-faces P enter P  G. Two associated polyhedra
Pg and Pg0 are said to have a common (d − 1)-face if and only if g and g0 are
adjacent cosets, i.e. g = S and g0 = Sk@ for some . In the particular case when
 = e2  this means that the polyhedron P has a common (d − 1)-face F with the
polyhedron P=P@ for any 2f1; : : : ; mg. Since @0Sk =Sk@ this order of identifying
(d− 1)-dimensional faces in P  G ts well throughout the P  G.
After determining the incidences at faces of dimension d− 1 one can determine the
incidences in lower dimensions. Since the graph G is connected, every pair Pg and Pg0
can be linked by a ‘path’ in P  G such that any two successive polyhedra share a
(d − 1)-face (strong connectedness). Now, if a (d − 1)-face F be shared by Pg and
Pg0 then all lower dimensional faces of this common (d− 1)-face are called common
faces of Pg and Pg0 .
In general, two polyhedra Pg and Pg0 are thought to have a face Fj, j<d − 1 in
common, if the face belongs to one of them, say to Pg, and, furthermore, in P  G
there is a path of polyhedra Pg1 ; : : : ; Pgm linking Pg and Pg0 such that
(a) for every i = 1; : : : ; m− 1 Pgi and Pgi+1 have a (d− 1)-face in common and
(b) for each i this common (d− 1)-face contains the face Fj.
When they are determined these incidences turn the direct product PG into a topolog-
ical space X
d
. Each polyhedral constituent of X
d
is a convex polyhedron embedded in
the space Xd. This allows us to transform X
d
into metric space: the distance d( x1; x2)
is the length of the shortest piecewise straight line linking x1 and x2 in X
d
.
Dene a mapping f : X
d ! Xd by the natural isometrical embedding f( x)=x of each
polyhedron Pg. Since this map does not enlarge the distance d( x1; x2)>d(f( x1); f( x2)),
it is continuous.
Now, we consider the coronas Ck(Pg) about the polyhedra Pg. They all are con-
gruent to the corona Ck(P) which fulls the hypothesis of the theorem. Therefore,
the corona Ck(P0) about quite arbitrary P0 of X
d
is also immersed in (d − 2)-
faces.
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Thus, we get the map f : X
d ! Xd to full the following conditions:
(1) f is a natural isometrical embedding of each polyhedron Pg Xd in Xd.
(2) The map f is continuous on the polyhedral complex X
d
.
(3) If two polyhedra of X
d
share a (d− 1)-face they are on the opposite sides of the
supporting hyperplane of the face.
(4) The map f is an immersion on each (d− 2)-face of Xd.
Now one can apply the theorem of Alexandrov [1] which states
Assume that a polyhedral complex X
d
is pasted of nite number of dierent
(modulo congruence) polyhedra. A mapping f : X
d ! Xd that fulls conditions
(1){(3) is one-to-one if and only if the mapping f is one-to-one about each
(d− 2)-face of Xd−2; that is; the mapping fulls also condition (4).
By this theorem the map f is a homeomorphism of the X
d
onto Xd. Therefore, the
complex X
d
is an embedded complex in the space Xd, i.e. it is a tiling with pairwise
congruent coronas fulling condition (i) of the extension theorem and consequently
fulls the hypothesis of the local theorem. Now the basic conclusion (1) of the theorem
easily follows from the local theorem for tilings.
The other conclusions of the theorem are easily derived from this.
In the next sections, we discuss possible applications of the extension theorem.
5. The theorem on parallelohedra
Recall that a convex d-polyhedron PEd is called a parallelohedron if it can tile
d-dimensional Euclidean space Ed by translation. A particular example of a tiling
of space by parallelohedra is the Voronoi tiling for a point lattice. This tiling is
face-to-face and, since the symmetry group of the lattice operates on the tiles
transitively, it is isohedral. Furthermore, it is obvious that a Voronoi parallelohedron
and all its (d− 1)-faces are centrally symmetric.
On the other hand, it is also obvious that not every tiling of space by parallelohedra
is face-to-face and isohedral. The following facts are known about a parallelohedron
(Minkowski, Delone, Alexandrov):
(i) a parallelohedron P is centrally symmetric;
(ii) each (d− 1)-face of P is centrally symmetric;
(iii) a projection of P along each (d − 2)-face of P on the two-dimensional comple-
mentary plane is a parallelogram or a centrally symmetrical hexagon.
Venkov [28], Alexandrov [1], and McMullen [23] proved:
Theorem 5.1. If a convex polyhedron P 2Ed satises the three above-mentioned con-
ditions (i){(iii) then P is a parallelohedron.
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Due to the following lemma, Theorem 5.1 can be also derived from the extension
theorem.
Lemma 5.2. Let a convex polyhedron P satisfy conditions (i){(iii). Then P admits a
monohedral corona C1(P) such that
(1) S(P) = S1(P);
(2) for each (d−1)-face F; =1; : : : ; n; of the polyhedron P there is a translation @
such that P@ = P and the image C1(P)@ agrees with C1(P); where P 2C1(P)
is the polyhedron adjacent to F.
Remark 5.3. By Denition 3.2, the condition ‘C1(P)@ agrees with C1(P)’ means here
that all polyhedra of the corona C1(P) which share at least one (d − 2)-dimensional
face of the face F must be contained in C1(P)@ as well.
The proof of Lemma 5.2 is analogous to the proof of Lemma 6.1 in the next section.
By this lemma, the extension theorem implies immediately that a polyhedron P with
properties (i){(iii) admits an isohedral tiling T whose full symmetry group S(T ) is
 =h@; S(P); i=1; 2; : : : ; mi. Now, by the conclusion of the extension theorem, since the
abelian subgroup h@i generated by translations @ operates on the tiling T transitively,
P is a parallelohedron.
Note that, in general, parallelohedra may admit dierent coronas fullling the
hypothesis of the extension theorem. This means that parallelohedra may also admit
other tilings which are no longer translationally transitive.
6. Coxeter polyhedra
Recall that a compact convex polyhedron in Xd is called a Coxeter polyhedron if
all its interfacial angles are equal to =mij, where mij is a positive integer number. In
a very nice paper [3] Coxeter classied all such polyhedra for Euclidean and spherical
spaces. In particular, he showed that all spherical Coxeter polyhedra are simplices and
in Euclidean space they are either simplices of the full dimension or the direct product
of Coxeter simplices of lower dimensions.
The Coxeter polyhedra are distinguished among all polyhedra in that they are fun-
damental domains for discrete groups generated by the reections in (d − 1)-planes
(see [29]).
This result can also be derived from the extension theorem. Indeed, the following
lemma says that the angle conditions in Coxeter polyhedra guarantee the existence of
at least one corona which fulls all the hypotheses of the extension theorem. Since this
corona is constructed by means of reections in facets, it extends to such a isohedral
tiling that a Coxeter group h@1; : : : ; @i generated by reections in (d− 1)-dimensional
faces acts transitively on the tiling. Moreover, by the extension theorem the symmetry
group of the tile is its stabilizer in the symmetry group of the tiling.
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Lemma 6.1. Let P be a Coxeter polyhedron. Then P admits a monohedral corona
C1(P) which is constructed by means of reections at (d− 1)-facets and is such that
1. S(P) = S1(P);
2. for each (d − 1)-face F;  = 1; : : : ; n; of the polyhedron P the mirror @ makes
C1(P) and the image C1(P)@ agree; where P 2C1(P) is the polyhedron adjacent
to F.
Proof. Given a Coxeter polyhedron P, one can paste from replicas of P an abstract
monohedral corona at (d−2)-faces about P of radius 1 by means of reections at each
(d− 1)-face Fi so that the cycle of polyhedra around each (d− 2)-face Fij consists of
an even number 2mij of members. Remember that the dihedral angle in the face Fij
is equal to =mij. Hence, if in the abstract corona a cycle around each (d − 2)-face
Fij contains precisely 2mij polyhedra then the abstract corona can be mapped in Xd
so that this mapping is an immersion around each (d− 2)-face of P.
The polyhedra which enter the corona C1(P) and meet at the (d − 2)-face Fij are
as follows:
P; P@i; P@j@i; : : : ; P(@j@j)mij−1; P@i(@j@j)mij−1;
where @i and @j are reections in hyperplanes of Fi and Fj, respectively.
Before we prove conclusions (1) and (2) we denote by Fi the set of all (d−1)-faces
Fj of P which share a (d− 2)-face with a (d− 1)-face Fi.
Let s2 S(P), i.e. Ps= P. It moves a pair of adjacent (d− 1)-faces Fi and Fj into a
pair of also adjacent faces Fk and Fl. From Fis=Fk and Fjs=Fl it easily follows that
@is= s@k ; @js= s@l:
The set of all polyhedra in the corona C1(P) which share a (d − 2)-face with
P consists of
P; P@i; P@j@i; : : : ; P(@j@i)mij−1; P@i(@j@i)mij−1;
where Fj 2Fi. Under action of s this set moves to
Ps; Ps@k ; Ps@l@k ; : : : ; Ps(@l@k)mkl−1; Ps@k(@l@k)mkl−1; where mkl = mij:
Since Ps= P the last set of polyhedra also enters the corona C1(P). This proves that
S(P) = S1(P).
Now we are to prove that C1(P)@i agrees with C1(P), i.e. that the neighbourhood
U1(Pi) of an adjacent polyhedron Pi 2C1(P) belongs to C1(P)@i as well. Let Fd−2i
be the set of all (d − 2)-faces of the face Fi of P. It is obvious that U1(Pi) consists
of all polyhedra from C1(P) that share some (d − 2)-face from Fd−2i and only of
them. Each of them can be presented as either P(@j@i)m; or P@j(@j@i)m. The following
relationships are easy to check:
(@j@i)m = (@i@j)mij−m; (6.1)
@i(@j@i)m@i = (@i@j)m; (6.2)
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(@j@i)m@i = (@j@i)m−1@j = (@i@j)mij−m+1@j
= (@i@j)mij−m@i = @i(@j@i)mij−m: (6.3)
By formulae (6.2) and (6.3) one gets that under the reection in the hyperplane of
Fi each polyhedron from U1(Pi) moves into a polyhedron from U1(Pi) again. So
U1(P)C1(P)@i which proves Lemma 6.1.
Remark 6.2. Generally speaking, the corona which is generated by reections is not
unique. In principle, there can be other coronas constructed of replicas of a Coxeter
polyhedron which also full the hypothesis of the extension theorem. Such coronas
also extend to other dierent isohedral tilings. The symmetry groups of these tilings do
not contain the Coxeter group generated by reections in facets of the original Coxeter
polyhedra.
Lemma 6.1 admits generalization for a family of polyhedra which are generalizations
of the Coxeter polyhedra.
Denition 6.3. Call a polyhedron P quasi-Coxeter if
(i) all dihedral angles of P are equal to 2=mij.
(ii) if for the dihedral angle between adjacent facets Fi and Fj the value of mij is
odd, then P is symmetrical w.r.t. the bisecting hyperpane containing d − 2-face
Fij = Fi \ Fj.
Remark 6.4. A quasi-Coxeter polyhedron P is a Coxeter polyhedron if all values of
mij are even.
Lemma 6.5. Let P be a quasi-Coxeter polyhedron. Then P admits a monohedral
corona C1(P) which is constructed by means of reections at (d−1)-facets and such
that
1. S(P) = S1(P);
2. for each (d− 1)-face F; = 1; : : : ; n; of the polyhedron P the reection @ makes
C1(P) and the image C1(P)@ agree; where P 2C1(P) is the polyhedron adjacent
to F; = 1; : : : ; m.
Remark 6.6. By Lemma 6.5 a quasi-Coxeter polyhedron admits the rst corona which
by the extension theorem extends to a isohedral tiling. Note that the Coxeter group
h@1; : : : ; @ni generated by the reections in the (d − 1)-dimensional faces of P still
operates transitively on the tiling but the tile P is not a fundamental domain of this
group.
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7. Crystallographic clusters
We conclude with a few words about one more application that might be quite impor-
tant. Crystallographers often construct complicated crystallographic structures starting
with a relatively simple star of links (a set of segments that link one point to some of
its neigbouring points). This original structure may not suggest any obvious crystallo-
graphic structure. Yet they want to have as much assurance as possible about whether
this star of links can be extended to a crystallographic structure. The next remark is
designed to help them to some degree.
First, we give a denition of a -point (see [7,14]).
Denition 7.1. Given a discrete point set Y Xd and > 0, a point x2Y is an -point
of Y if every closed ball Bx() of radius  that contains x on its boundary also contains
at least one more point of Ynfxg. The point set Y is called a set enclosing the point
x while the point x is called an enclosed point in the set Y .
Denition 7.2. A point x0 of a set Y in Xd is adjacent to a point x if there is a ball
B that contains x and x0 on its boundary @B and contains no point of Ynfx; x0g.
Denition 7.3. A set Clx in Xd is called a cluster about a point x2Clx if x is an
enclosed point of Clx and all points in Clnfxg are adjacent to x.
Since the Voronoi domain of a point x is determined uniquely by a set of adjacent
points we get the following Proposition.
Proposition 7.4. A cluster Clx uniquely determines the Voronoi domain about the
point x independently of the extension of the cluster; i.e. if two sets X and X 0 have
the same cluster Clx about the point x; x2ClxX \X 0; then the respective Voronoi
domains
VClx(x) = VX (x) = VX 0(x)
coincide.
Denition 7.5. A cluster Clx is crystallographic if there is a regular point set X (an
orbit of some point under a crystallographic group) such that
1. ClxX ;
2. the set Clx remains a cluster in the orbit X as well.
In this case, X is called a crystallographic extension of a cluster Clx.
Remark 7.6. Given a cluster Clx there is a relatively easy procedure based on the
extension theorem which checks all possible crystallographic extensions of Clx.
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Indeed, by Proposition 7:4 for any crystallographic extension X of the cluster Clx,
if it exists, its Voronoi tiling is an isohedral tiling of space by replicas of the Voronoi
domain VClx . So if we already have Clx and along with it VClx then, by the extension
theorem, we can enlist all possible isohedral tilings with this polyhedron. The Voronoi
tilings corresponding to the crystallographic extensions of Clx are possibly only some
of them. To distinguish only Voronoi tilings we decorate the Voronoi domain VClx by
its action center x inside and denote it by P(x). After that, we consider all possible
coronas of some radius k comprised from replicas of the decorated polyhedron P(x)
such that
(i) for every two polyhedra P(x0) and P(x00) adjacent at (d − 1)-faces and their
action centers x0 and x00 the segment [x0; x00] is orthogonal to the hyperplane of
the common facet and bisected by it;
(ii) Sk−1(P) = Sk(P),
(iii) for each polyhedron P which meets the polyhedron P at a (d− 1)-face FP,
 = 1; : : : ; n; there is an isometry @ such that P@ = P and the image Ck(P)@
agrees with Ck(P).
By the extension theorem such a corona admits only one isohedral tiling. But if in
points (ii) and (iii) we require all isometries to preserve the action centers of corre-
sponding polyhedra then the corona extends to an isohedral tiling which is a Voronoi
tiling for the tiles’s action centers. The set of action center forms crystallographic
extensions of Clx (for details see [11]).
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